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ABSTRACT
Context. In stratified atmospheres, acoustic waves can only propagate if their frequency is above the cutoff value.
The determination of the cutoff frequency is fundamental for several topics in solar physics, such as evaluating the
contribution of those waves to the chromospheric heating or the application of seismic techniques. However, different
theories provide different cutoff values.
Aims. We developed an alternative method to derive the cutoff frequency in several standard solar models, including
various quiet-Sun and umbral atmospheres. The effects of magnetic field and radiative losses on the cutoff are examined.
Methods. We performed numerical simulations of wave propagation in the solar atmosphere using the code MANCHA.
The cutoff frequency is determined from the inspection of phase difference spectra computed between the velocity signal
at two atmospheric heights. The process is performed by choosing pairs of heights across all the layers between the
photosphere and the chromosphere, to derive the vertical stratification of the cutoff in the solar models.
Results. The cutoff frequency predicted by the theoretical calculations departs significantly from the measurements
obtained from the numerical simulations. In quiet-Sun atmospheres, the cutoff shows a strong dependence on the
magnetic field for adiabatic wave propagation. When radiative losses are taken into account, the cutoff frequency is
greatly reduced and the variation of the cutoff with the strength of the magnetic field is lower. The effect of the radiative
losses in the cutoff is necessary to understand recent quiet-Sun and sunspot observations. In the presence of inclined
magnetic fields, our numerical calculations confirm the reduction of the cutoff frequency due to the reduced gravity
experienced by waves propagating along field lines. An additional reduction is also found in regions with significant
changes in the temperature, due to the lower temperature gradient along the path of field-guided waves.
Conclusions. Our results show solid evidences of the stratification of the cutoff frequency in the solar atmosphere. The
cutoff values are not correctly captured by theoretical estimates. In addition, most of the widely-used analytical cutoff
formulae neglect the impact of magnetic fields and radiative losses, whose role is critical to determine the evanescent
or propagating nature of the waves.
Key words. Methods: numerical – Sun: photosphere – Sun: chromosphere – Sun: oscillations – sunspots
1. Introduction
The presence of acoustic waves in the solar atmosphere and
interior is a well-established fact, and their study is a fun-
damental subject in solar physics. The cutoff frequency of
those waves plays an important role in their propagation
in the solar atmosphere given that the Sun is a stratified
medium. Acoustic waves whose frequency is above the cut-
off frequency can pass through the photosphere and propa-
gate into higher atmospheric layers. On the contrary, those
waves with frequency lower than the cutoff value are called
evanescent waves and are trapped inside the solar interior.
The acoustic cutoff has significant implications for several
topics in solar physics. Acoustic waves are one of the can-
didates proposed for explaining the heating of the outer
atmospheric layers (Ulmschneider 1990; Narain & Ulm-
schneider 1996; Ulmschneider & Musielak 2003), and the
cutoff frequency determines which waves contribute to the
energy flux. The cutoff leads to the existence of global p-
mode oscillations produced by waves trapped below the so-
lar surface and, thus, it enables the field of helioseismology
(Christensen-Dalsgaard 2002). It is also a key parameter to
understand the shift in the dominant period in some solar
magnetic structures from 5 minutes at the photosphere to 3
minutes at the chromosphere (Fleck & Schmitz 1991; Cen-
teno et al. 2006; Felipe et al. 2010b) and the more puzzling
propagation of long-period waves at chromospheric layers
(e.g., Orrall 1966; Giovanelli et al. 1978). Observations of
these long-period waves, which are expected to be evanes-
cent in the solar atmosphere, has intrigued the interest in
them (De Moortel & Rosner 2007; Jefferies et al. 2006; Cen-
teno et al. 2009)
The acoustic cutoff frequency is dependent on the local
environment. In the literature, there are many equations to
compute the cutoff frequency. Lamb (1909) carried the ini-
tial study to derive the cutoff frequency for an isothermal
atmosphere. Many studies have been carried out for non-
isothermal media (e.g., Deubner & Gough 1984; Musielak
et al. 2006) as the Sun has a stratified atmosphere. However,
it has been shown that the choice of different independent
and dependent parameters can generate different analyt-
ical equations for the cutoff frequency (Schmitz & Fleck
1998, 2003). The above studies do not incorporate the ef-
fects of the magnetic field. There have been some attempts
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to evaluate the impact of the magnetic field in the cut-
off frequency of the so-called magnetoacoustic waves (e.g.,
Thomas 1982, 1983; Roberts 1983; Stark & Musielak 1993;
Roberts 2006; Perera et al. 2015). Theoretical considera-
tions indicate that, in the low-β regime, where β = c2s/v
2
A,
the presence of a magnetic field inclined from the solar ver-
tical an angle θ produces a reduction of the cutoff frequency
by a factor cos θ (Bel & Leroy 1977; Jefferies et al. 2006).
This effect, commonly referred to as “ramp effect” or “mag-
netoacoustic portals”, is due to the field-guided propaga-
tion of the slow mode waves, which experience a reduced
gravity along field lines. The reduction of the cutoff fre-
quency of magnetoacoustic waves in atmospheres with in-
clined magnetic fields has been observationally confirmed
(Jefferies et al. 2006; McIntosh & Jefferies 2006; Rajaguru
et al. 2019).
Comparative studies of the height dependence of the
cutoff in solar observations are sparse, although several
works confirm the stratification of the cutoff in the solar
atmosphere (Wiśniewska et al. 2016; Felipe et al. 2018).
They also point to significant disagreements between the
theoretically computed cutoff values and those actually ob-
served. In this paper we follow a numerical approach to de-
termined the cutoff frequency in several solar models. The
results are compared with the cutoff values derived from
analytical calculations. We have also compared our simula-
tion results with recent observational evidences of low cutoff
frequency at the photosphere (Rajaguru et al. 2019). The
paper is structured as follows. The numerical methods, solar
models, and analytical equations of the cutoff frequency are
discussed in Sect. 2. The cutoff frequency derived for var-
ious quiet-Sun and sunspot models is discussed in Sect. 3
and 4, respectively. The results are discussed and compared
with recent observations in Sect. 5. Finally, the conclusions
are stated in Sect. 6.
2. Methods
We have performed numerical simulations of wave propaga-
tion in a set of well-known and broadly used standard one-
dimensional solar models. The outcome of the simulations
has been employed to determine the vertical stratification
of the cutoff frequency for each of the models, including
a parametric study of the dependence of the cutoff with
some parameters of the models, such as the magnetic field
strength and the presence of radiative losses. The numeri-
cally determined cutoff stratifications have been compared
with the cutoff values derived from various formulae de-
scribed in the literature. In the following sections, we de-
scribe the procedures carried out for each of these steps.
2.1. Numerical simulations
Numerical simulations in a two-dimensional (2D) domain
have been developed using the code MANCHA (Khomenko
& Collados 2006; Felipe et al. 2010a) restricted to the mag-
netohydrodynamic approximation. The code computes the
evolution of the perturbed variables, which are retrieved
after explicitly subtracting the background state from the
equations. As a background, we have imposed for each simu-
lation a different solar atmosphere. In the vertical direction
we have set the stratification of the modified solar models
(see next section), whereas the backgrounds are constant
in the horizontal direction. Periodic boundary conditions
have been imposed in the horizontal direction, and at the
top and bottom boundaries we have set a Perfect matched
layer (PML, Berenger 1994) to damp the waves and avoid
undesired reflections.
We have employed a 2.5D approximation, which means
that we use a 2D domain (in the plane X − Z, derivatives
are not computed in the y direction) but the vectors main-
tain the three spatial coordinates. In the vertical direction,
the computational domain spans from z = −1, 140 km to
z = 2, 420 km, with z = 0 defined at the height where the
optical depth at 5000 Å is unity, and using a constant spa-
tial resolution of 10 km. The PML medium is established
in the top ten grid points of the domain. The horizontal
domain covers 4,800 km with a spatial step of 50 km. The
size of the numerical grid is 96× 356.
Waves are excited by a vertical force added to the equa-
tions. The temporal evolution and spatial dependence of
the driving force were taken from temporal series of photo-
spheric Doppler velocity in the Si i 10827 Å line reported in
Felipe et al. (2018). The details on how the driver is intro-
duced can be found in Felipe et al. (2011), although in this
work we have performed some variations. Here, we are not
interested in a one-to-one reproduction of the observed ve-
locities. Instead, we only need to introduce waves that prop-
agate from below the photosphere to the higher chromo-
spheric layers whose properties qualitatively match those
found in actual sunspot observations. The driver has been
imposed below the photosphere (z = −180 km), around
500 km below the formation of the Si i 10827 Å line (Bard
& Carlsson 2008; Felipe et al. 2018) where the oscillations
were measured. In addition, the response of the atmosphere
to an oscillatory force depends on the frequency of the os-
cillations (Felipe et al. 2011). To generate waves with a
realistic photospheric power distribution, the amplitude of
the power spectra of the driving force has been modified
concerning the reference observational velocity. The ampli-
tude of the driver in all the simulations presented in this
work is low enough to keep the computations in the linear
regime. The duration of each simulation is 65 min of solar
time.
2.2. Solar models
A total of seven different solar atmospheres have been an-
alyzed, including three quiet-Sun models and four sunspot
umbral models. The quiet-Sun atmospheres correspond to
those published in Vernazza et al. (1981), Fontenla et al.
(1993), and Avrett et al. (2015). In the following, we will
refer to them as VALC, FALC, and Avrett2015QS, respec-
tively. In the case of umbral atmospheres, we have explored
the three models presented by Maltby et al. (1986), which
correspond to the darkest part of large sunspots at the early
(eMaltby), middle (mMaltby), and late (lMaltby) phases of
the solar cycle, and the umbral model introduced by Avrett
et al. (2015) (Avrett2015spot).
All of these solar models extend from the photosphere
through the chromosphere into the transition region. In this
work, we are interested in determining the vertical stratifi-
cation of the cutoff frequency. At each atmospheric height,
we aim to measure the lower frequency where waves be-
gin to propagate upwards. The strong temperature gradi-
ents of the transition region reflect the upward propagating
waves, and theory predicts that a resonant cavity can be
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Fig. 1. Temperature stratification of the solar models analyzed in this work. Left panel: Quiet-Sun temperature distribution as
given by VALC (black line), FALC (red line), and Avrett2015QS (blue line) models. Right panels: Sunspot temperature stratification
from eMaltby (green line), mMaltby (red line), lMaltby (black line), and Avrett2015spot (blue line) atmospheres. In both panels,
solid lines represent the original models and dashed lines correspond to the temperature profiles employed for the computation of
the numerical simulations.
formed between that height and the temperature minimum
(Zhugzhda & Locans 1981; Zhugzhda 2008; Botha et al.
2011; Felipe 2019; Jess et al. 2019). For our numerical simu-
lations, we have partially removed the top transition region.
The temperature has been set constant above z = 1, 800 km
for all the solar models. Then, the pressure and density dis-
tributions above that height have been computed for the
modified temperature stratification following Santamaria
et al. (2015). With this approach, we avoid most of the
downward propagating waves coming from the reflections
at the transition region, which may affect the estimation of
the propagating/non-propagating nature of waves a certain
frequencies.
The solar models have also been extended to deeper
layers since the bottom boundary of the computational do-
main employed by our simulations is below the lower limit
of these atmospheric models. Below z = 0, the tempera-
ture of the models has been smoothly joined with the tem-
perature stratification of the solar interior from Model S
(Christensen-Dalsgaard et al. 1996). We take a constant
adiabatic index γ = 5/3.
2.3. Estimation of the cutoff frequency stratification
2.3.1. Determination of the cutoff frequency in numerical
simulations
The cutoff frequency has been measured from the examina-
tion of the phase difference (∆φ) spectra between the verti-
cal velocity at two heights. Low-frequency waves, whose fre-
quency is below the cutoff value, form evanescent waves. In
this situation, the signal from the two atmospheric heights
oscillate in phase and the phase spectrum exhibits values
near zero. From a certain frequency value onward, the phase
difference (obtained from the subtraction of the phase of the
velocity signal at the lower height from the phase at the
higher height) shows a progressive increasing tendency, in-
dicating that these frequency modes propagate from deeper
to higher layers. The starting point of the increasing trend
corresponds to the cutoff frequency.
Figure 2 illustrates the phase difference between two at-
mospheric heights in one of the numerical simulations per-
formed using VALC model as a background. In this exam-
ple, the lower height is z = 880 km, whereas the upper layer
corresponds to z = 900 km. That is, the height difference
between both velocity signals is ∆h = 20 km. The solid
line in Fig. 2 shows the horizontal average of the phase
difference spectra and the vertical bars are the standard
deviation of those points. The temporal series of 65 min
of simulation have been padded with zeros up to 341 min.
According to this data, we have estimated that the cutoff
frequency of this solar model at z = 890 km is 4.30 mHz
(indicated by a vertical dotted line). This is the frequency
value where the increasing trend of the phase difference
starts and where we can assure that there is upward wave
propagation, since the phase difference (taking into account
the uncertainty estimated from the standard deviation) is
undoubtedly positive.
We have computed the cutoff frequency for all the mod-
els presented in the previous sections, including various val-
ues of the magnetic field, at all heights between z = 0 and
z = 1, 800 km. In all cases, we have employed a ∆h = 20
km, and the obtained cutoff value has been assigned to
the mid-point between the two heights used for the analy-
sis. A script has been written to automatically determine
the cutoff values. To adapt it to provide a good perfor-
mance despite the peculiarities of each case, the procedures
performed by this script slightly depart from the descrip-
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Fig. 2. Average phase difference spectra between the vertical
velocity signal at z = 880 km and z = 900 km measured from
the simulation of VALC model with a vertical magnetic field of
130 G. A positive phase difference indicates upward wave prop-
agation. Error bars show the standard deviation of the averaged
data. The vertical dotted line marks the value of the cutoff fre-
quency as determined from the examination of the phase spec-
tra.
tion of the cutoff estimation discussed in the previous para-
graph. First, the mean phase difference spectrum has been
smoothed by averaging all the phase differences in a box
with a width of 0.5 mHz. Then, we have determined the
region where the smoothed phase difference, after adding
to it the standard deviation, is above zero. These are the
frequencies where we consider that waves are propagating.
Finally, the lowest frequency of that region is selected as
the cutoff value.
2.3.2. Analytical formulae for the cutoff frequency
The cutoff frequency is a local quantity which depends on
the properties of the surrounding medium. The solar atmo-
sphere exhibits significant inhomogenities, and one would
expect changes in the cutoff value both in the horizontal
direction as in the vertical direction. In this work, we focus
on the stratification of the solar atmospheric models, since
the background model from our simulations are constant in
the horizontal axis. Theory predicts a wide variety of cut-
off formulae depending on the wave equation derived from
different selections of independent and dependent variables
(Schmitz & Fleck 2003).
The main goal of this work is to bypass this limitation
in the derivation of the cutoff frequency by providing alter-
native values for the cutoff in the solar atmosphere from the
examination of numerical simulations. We have also com-
puted the theoretical cutoff stratification in the analyzed
models by applying several expressions commonly used in
the literature. This allows us to compare the analytical cut-
off frequency with the numerical estimations, and discrim-
inate between different theories.
We have chosen to examine the same four cutoff for-
mulae whose performance was compared with sunspot ob-
servational measurements in Felipe et al. (2018). They are
described in the following lines. In the case of an isothermal
atmosphere, the correct formula for the cutoff is obtained
from the original work by Lamb (1909), and it is given by
ωC1 =
cs
2Hp
, (1)
where Hp is the pressure scale height and cs is the sound
velocity. This expression is only valid for isothermal atmo-
spheres, where it does not change with height. However, in
this analysis we have assumed that it is a local quantity,
and we have computed its vertical variation according to
the temperature stratification of the solar models.
The second formula that we have considered is
ωC2 =
cs
2Hρ
(
1− 2
dHρ
dz
)1/2
, (2)
which is the most commonly used in helioseismology. Here,
Hρ is the density scale height. We have also evaluated one
of the cutoff formulae from Schmitz & Fleck (1998), which
reads as1
ωC3 = ωC1
(
1 + 2
dcs
dz
ωC1
)1/2
. (3)
These three cutoff frequencies were derived for purely
acoustic waves, neglecting the effect of the magnetic field.
They are usually employed in magnetized media since the
behavior of slow-mode waves in regions dominated by mag-
netic pressure (high atmospheric layers or even the photo-
sphere in active regions) is similar to that of acoustic waves.
The last formula that we have evaluated is extracted from
Roberts (2006), and it is specifically derived for slow mag-
netoacoustic waves in isothermal atmospheres permeated
by a uniform vertical magnetic field. It is computed as
ωC4 = ct
[ 1
4H2p
(ct
cs
)4
−
1
2
γg
∂
∂z
(c2t
c4s
)
+
1
v2A
(
N2+
g
Hp
c2t
c2s
)]1/2
(4)
where ct = csvA/
√
c2s + v
2
A is the cusp speed, N
2 is the
squared Brunt-Väisälä frequency, and g is the gravity.
3. Cutoff frequency in quiet-Sun models
Following the methodology described in the previous sec-
tion, we have derived the stratification of the cutoff fre-
quency in the quiet Sun from the examination of numeri-
cal simulations and the application of several formulae de-
scribed in the literature. The two approaches and the dif-
ferent theoretical cutoff values are compared in Sect. 3.1,
whereas a parametric study of the dependence of the nu-
merical cutoff with the magnetic field is presented in Sect.
3.2. In Sect. 3.3 we discuss the effect of the radiative losses.
We have explored three different quiet-Sun models:
VALC, FALC, and Avrett2015QS. In all the numerical sim-
ulations the atmosphere is permeated by a constant vertical
magnetic field. Some of the quiet-Sun atmospheres imposed
as a background for the simulations are convectively unsta-
ble. That is, at some heights the square of the Brunt-Väisälä
frequency is below zero. However, magnetic fields inhibit
convection. We have found that a magnetic field strength
as low as 5 G is enough to stabilize the three quiet-Sun
models studied in this work.
1 Equation 3 from Felipe et al. (2018) includes a typo in this
expression. Here we show the correct form. The correct formula
was employed for the results illustrated in Felipe et al. (2018).
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Fig. 3. Variation of the cutoff frequency with height in the quiet Sun models VALC (panel a), FALC (panel b), and Avrett2015QS
(panel c). The lines with asterisks show the cutoff values determined from the examination of the phase difference spectra in
a numerical simulation with a vertical magnetic field of 5 G (black) and 300 G (red). Color lines indicate the analytical cutoff
frequency computed using Eq. 1 (blue line), Eq. 2 (green line), Eq. 3 (violet line), Eq. 4 with 5 G magnetic field strength (black
line), and Eq. 4 with 300 G magnetic field strength (red line). The vertical dashed lines mark the height where the plasma-β is
unity for the models with a field strength of 5 G (black) and 300 G (red).
The analyses of the simulations have been performed
focusing on oscillations in the vertical velocity. Waves are
driven below the photosphere, at a depth where the sound
speed is much higher than the Alfvén speed (β ≫ 1). In
these layers, the oscillatory signal is produced by fast mag-
netoacoustic waves, whose properties are similar to that of
sound waves. At the height where both characteristic veloc-
ities are comparable, mode conversion takes place, and part
of the energy of the fast magnetoacoustic wave is converted
into fast and slow magnetoacoustic waves in the low-β re-
gion (Cally 2006, 2007; Schunker & Cally 2006; Khomenko
& Collados 2006). There, the target of our analysis is the
slow magnetoacoustic mode. It is a field-guided wave which
behaves like an acoustic wave. In the case of inclined mag-
netic fields, mode conversion certainly complicates our ap-
proach for determining the cutoff frequency. When measur-
ing the phase difference between two layers in the low-β
region, we should take into account the horizontal displace-
ment of the wavefront. However, it is not trivial to define
the lowest height where waves are field-guided, since wave
modes around the β = 1 region exhibit some mixed prop-
erties. For simplicity, we have chosen to restrict the analy-
sis of quiet-Sun atmospheres to vertical magnetic fields. In
this situation, we can confidently quantify the cutoff fre-
quency from phase difference spectra computed between
two heights at the same horizontal position. For an evalua-
tion of the effects of magnetic field inclination on the cutoff,
see Sect. 4.3.
3.1. Comparison with analytical models
Figure 3 illustrates the stratification of the cutoff frequency
measured in numerical simulations for the VALC, FALC,
and Avrett2015QS models, and their comparison with the
values obtained from theoretical expressions. The atmo-
spheres are permeated by a vertical magnetic field of B = 5
G (black lines) or B = 300 G (red lines).
In the case with weak magnetic field strength, the cutoff
frequency (νc) of VALC (Fig. 3a) shows a peak at around
z = 800 km, where it increases up to ∼6 mHz. Above that
height, the cutoff smoothly decreases, from νc = 5.4 mHz
slightly above z = 800 km to νc ∼ 4.0 at z = 1, 800 km.
At the deep photospheric layers, the cutoff exhibits an ap-
proximately constant value of ∼5.4 mHz between z = 0
and z = 400 km. It is reduced to νc = 5.0 mHz at z = 500
km, just before starting to increase to the maximum peak
previously mentioned.
A comparison between the numerically estimated cutoff
and the analytical formulae for VALC reveals some qual-
itative similarities, but significant differences. Strong dif-
ferences are also found among the four theoretical cutoff
estimations. All the analytical stratifications show a maxi-
mum peak between z = 500 km z = 600 km. This peak is
shifted around 200 km towards deeper layers concerning the
location of the maximum found in the weakly magnetized
simulation. The values of the cutoff at that peak in the an-
alytical expressions are close to the numerically determined
value, except for that obtained from Eq. 1 for an isothermal
atmosphere. At the deep photosphere, the cutoff from Eq.
2 shows a reasonable agreement with the numerical cut-
off, although in the latter the sharp spike around z = 0
is missing. At chromospheric heights, the cutoff from Eq.
4 provides the best match with the numerical value. How-
ever, this expression was derived for slow magnetoacoustic
waves and, thus, it is not applicable below the β ∼ 1 layer
(vertical dashed lines in Fig. 3).
The numerical cutoffs obtained for FALC (Fig. 3b) and
Avrett2015QS (Fig. 3c) models share several features with
the cutoff of VALC: when the models are permeated by
a 5 G magnetic field strength they exhibit a peak around
z = 800 km with a maximum value νC ∼ 6 mHz, at chro-
mospheric layers the cutoff value decreases with height,
and at the photosphere the cutoff is around 5.3 mHz. The
main difference presented by FALC is the high cutoff val-
ues of the weakly magnetized case at the deep photosphere,
in the bottom 200 km of the plot. This increase agrees
with that produced by the cutoff from Eq. 2. Regarding
Avrett2015QS model, at chromospheric layers it exhibits a
more pronounced reduction of the cutoff with height than
the other quiet-Sun atmospheres. Interestingly, in the two
models plotted in Fig. 3b,c the numerically determined cut-
off stratifications for the cases with B = 300 G exhibit
a good agreement with those computed with Eq. 1. The
match is almost perfect above z = 800 km, and the cutoff
value at the maximum (∼ 5.3 mHz) also agrees, although
it is shifted 200 km to deeper layers.
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Fig. 4. Variation of the numerically determined cutoff frequency with height in the quiet Sun models VALC (panel a), FALC
(panel b), and Avrett2015QS (panel c). Each color corresponds to atmospheres permeated by a different strength of the vertical
magnetic field: 5 G (black), 10 G (violet), 50 G (green), 130 G (blue), and 300 G (red). The vertical dashed line marks the height
where the plasma-β is unity following the same color code of the cutoff values.
3.2. Dependence with the magnetic field
The solar atmosphere is permeated by magnetic fields
even in the regions known as quiet Sun (Trujillo Bueno
et al. 2004). In this section we study the effects of these
weak magnetic fields on the quiet-Sun wave propagation
by analyzing numerical simulations of VALC, FALC, and
Avrett2015QS models with various values of the vertical
magnetic field strength.
Figure 4 shows the stratification of the cutoff frequency
derived from the numerical simulations for the three quiet-
Sun models and magnetic field strengths between 5 G (black
lines) and 300 G (red lines). In the three atmospheric mod-
els the effects of an increasing magnetic field are the same.
At most heights, the atmospheres permeated by stronger
magnetic fields exhibit lower cutoff frequencies. Some re-
gions depart from this tendency. Deep atmospheric layers
are dominated by magnetic pressure, and a lower effect of
the magnetic field on the waves is expected at those heights.
Surprisingly, in regions with β > 1 the impact of the mag-
netic field on the derived cutoff frequency is clearly notice-
able, and significant differences are found between strongly
and weakly magnetized models.
As the magnetic field increases, the cutoff peak exhib-
ited by all quiet-Sun models progressively decreases and is
shifted to deeper layers, from z ∼ 800 km for a strength of 5
G to z ∼ 250 km for a strength of 300 G. In addition, quiet-
Sun regions with stronger magnetic fields (above ∼50 G)
also show a more remarkable minimum in the photospheric
cutoff, whose location is also shifted to deeper layers as the
magnetic field strength increases. In the case of VALC with
B = 300 G, this minimum is out of the range of probed
atmospheric heights.
3.3. Impact of radiative losses on the cutoff
Radiative losses have been implemented according to New-
ton’s cooling law:
Qrad = −cv
T1
τR
(5)
where T1 is the perturbation in the temperature, cv is the
specific heat at constant volume, and the radiative cooling
time is given by Spiegel (1957) formula as
τR =
ρcv
16χσRT 3
. (6)
In the latter expression, ρ is the density, T is the temper-
ature, σR is the Stefan-Boltzmann constant, and χ is the
gray absorption coefficient. Following Felipe (2019), the ra-
diative cooling time given by Eq. 6 has only been applied
between z = 200 km and z = 1, 100 km. Spiegel (1957) for-
mula was derived for optically-thin plasma and assuming
local thermodynamic equilibrium. Its range of applicability
is restricted to photospheric heights. Out of this region we
have imposed adiabatic propagation. Our approach at lay-
ers deeper than z = 200 km is similar to that employed by
Ulmschneider (1971), who assumed a completely optically
thick medium (adiabatic propagation) below z ∼ 140 km.
At the chromosphere, the effect of the radiative dissipation
on wave propagation is negligible (Schmieder 1977). Based
on the chromospheric radiative cooling time determined by
(Giovanelli 1978), we estimated that the value computed
from Eq. 6 is reliable up to z = 1, 100 km, and set adia-
batic propagation above that height. A minimum value of
τR ∼ 10 s is found at z = 200 km, and it increases to a
maximum of τR ∼ 500 s at z = 700 km.
Figure 5 compares the stratification of the cutoff fre-
quency in the quiet-Sun model VALC in the adiabatic case
(asterisks) with that measured for simulations where ra-
diative losses are taken into account (diamonds). The re-
sults are illustrated for three different values of the mag-
netic field, including a very quiet atmosphere (B = 5 G), a
model with average quiet-Sun field strength (B = 130 G),
and a case with a stronger magnetic field (B = 300 G).
Radiative transfer is known to reduce the cutoff frequency
(Roberts 1983; Centeno et al. 2006; Khomenko et al. 2008).
Our measurements indicate that this reduction can be strik-
ing. When the radiative losses are turned on, the maximum
value of the cutoff frequency is ∼ 5 mHz, whereas in the
adiabatic cases it shows peaks as high as 6 mHz (B = 5 G)
or 5.7 mHz (B = 300 G). Radiative losses also lead to low
cutoff values around 4 mHz at the photosphere (between
z = 150 km and z = 350 km) and the low chromosphere
(z ∼ 1, 000 km). Interestingly, with the radiative losses on,
all the simulations show a similar trend in the cutoff strat-
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ification, regardless of their magnetic field strength. How-
ever, they conserve some dependence with the magnetic
field. The relation between the field strength and the cutoff
is similar to that found for the adiabatic case, with a gen-
eral reduction of the cutoff with magnetic field strength for
simulations in the range B = [5, 130] G and an increase for
B = 300 G.
A magnetic field permeating the quiet-Sun atmosphere
can produce significant variations in the cutoff, including
the presence and location of peaks or minimums (see previ-
ous section), but those changes are overcome by the effect
of radiative transfer.
Fig. 5. Variation of the numerically determined cutoff frequency
with height in quiet Sun models VALC with the radiative looses
turned on (dashed lines) and off (solid lines with asterisks). The
color indicates the magnetic field strength following the same
color code from Fig. 4: 5 G (black), 130 G (blue), and 300 G
(red).
4. Cutoff frequency in umbral models
We have evaluated the variation of the cutoff frequency
with height in four different umbral models, the three mod-
els from Maltby et al. (1986) (eMaltby, mMaltby, lMaltby)
and the sunspot model presented by Avrett et al. (2015)
(Avrett2015spot). The atmospheres have been permeated
by a set of values of a constant vertical magnetic field, from
weakly magnetized umbrae (500 G) to strongly magnetized
umbrae (3,000 G). We have followed the same approach
from the previous section, first comparing the four atmo-
spheres permeated by a chosen value of the magnetic field
with the cutoffs derived from the analytical expressions,
and then evaluating the variation of the cutoff frequency
produced by changes in the magnetic field and radiative
losses.
4.1. Comparison with analytical models
Figure 6 shows the cutoff frequency of the umbral mod-
els with a vertical magnetic field of 3,000 G. As seen in
Fig. 1, the three atmospheres from Maltby et al. (1986)
present a similar temperature stratification, but with some
small differences. The minimum value of the temperature
is related to the intensity of the umbra. Dark umbrae
(eMaltby) have lower temperatures, whereas it increases
for average (mMaltby) and bright (lMaltby) umbrae. In
addition, the height where the temperature starts to rise
above the temperature minimum is also shifted to higher
layers as brighter umbrae are considered. These differences
in the atmospheric stratification are captured by our cut-
off measurements. Models with a lower temperature exhibit
a higher maximum in the cutoff frequency. In the case of
eMaltby, a maximum cutoff of 5.9 mHz is found around
z = 400 km, whereas the maximum cutoff frequencies for
models mMaltby and lMaltby are 5.6 mHz and 5.4 mHz, re-
spectively. This dependence of the cutoff with temperature
is predicted by theory, and all the analytical expressions
explored in this work show a reduction in the photospheric
cutoff from eMaltby to lMaltby, with the value of mMaltby
located in between. However, all these theories overestimate
the cutoff at the umbral photosphere.
The temperature gradients above the temperature min-
imum (around z ∼ 800 km) also leave an imprint in the cut-
off frequencies. For dark umbrae (eMaltby, Fig. 6a) there
is a sharp reduction in the cutoff value at z ∼ 800 km. In
the case of mMaltby and lMaltby, the reduction of the cut-
off takes place at slightly higher layers, in agreement with
the differences presented in the temperature stratification
of the models. This sudden cutoff variation is also captured
by the theoretical formulae but, again, there are significant
differences between the analytically estimated values and
those measured in the simulations.
Regarding the umbral model Avrett2015spot, the gen-
eral properties of the cutoff stratification are similar to
those described for the umbral models from Maltby et al.
(1986). As expected from its temperature profile, the re-
duction in the cutoff is found at a lower height than in the
other models (z ∼ 500 km). For this atmosphere, the cut-
offs from Eqs. 2-4 predict a very high peak at photospheric
layers. This peak has not been measured in the numerically
determined cutoff. Equation 2 gives imaginary cutoff val-
ues at z ∼ 450 km. At the chromosphere, different theories
estimate a wide range of cutoff values, and they converge
towards the higher layers. The measured cutoff is somewhat
in between the predictions from the analytical models.
4.2. Dependence with the magnetic field
The impact of the vertical magnetic field on the umbral
cutoff frequency has been evaluated by performing a set
of 24 numerical simulations. They correspond to six simu-
lations with different values of the field strength for each
of the four umbral models under study. The chosen sam-
ple of magnetic field strengths spans from 500 to 3,000 G
with a step of 500 G. Figure 7 illustrates the measured cut-
off stratifications and their comparison with the theoretical
estimates of the slow mode cutoff given by Eq. 4.
At the deep photosphere, the effect of the magnetic
field on the cutoff of the sunspot models is negligible. At
those layers the plasma-β is around unity. Its value de-
pends mainly on the magnetic field strength. In the case
of the Maltby et al. (1986) models, the atmospheres with
a magnetic field below 2000 G exhibit a β > 1 in at least
some of the analyzed photospheric heights, whereas atmo-
spheres with stronger fields are in the β < 1 regime at all
heights above z = 0. Our results indicate that at those
layers where magnetic pressure and gas pressure are com-
parable, the cutoff frequency does not depend significantly
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Fig. 6. Variation of the cutoff frequency with height in the umbral models eMaltby (panel a), mMaltby (panel b), lMaltby (panel
c), and Avrett2015spot (panel d). The red lines with asterisks show the cutoff values determined from the examination of phase
difference spectra in numerical simulations with a vertical magnetic field of 3000 G. Color lines indicate the analytical cutoff
frequency computed using Eq. 1 (blue line), Eq. 2 (green line), Eq. 3 (violet line), and Eq. 4 (red line). All the plotted heights are
in the β < 1 region.
on the magnetic field. In the same way, mode conversion
is not relevant for the cutoff, since at a fixed photospheric
height strongly magnetized atmospheres (with β < 1, so
the vertical velocity signal is a slow mode wave) and weakly
magnetized atmospheres (β > 1, the vertical velocity cor-
responds to oscillations of the fast mode) exhibit similar
cutoff values.
The differences in the cutoff associated with the mag-
netic field are found at higher layers. As previously dis-
cussed, the cutoff in sunspot models decreases from a rela-
tively high photospheric value to lower values at the chro-
mosphere. The location of this variation depends on the
atmospheric stratification. In addition, the magnetic field
changes the height where this decrease in the cutoff starts.
The lower the magnetic field, the deeper the beginning of
the cutoff reduction. In Maltby et al. (1986) models, be-
tween z = 500 km and z = 1, 000 km the atmospheres with
weaker magnetic field show a lower cutoff frequency. For
Avrett2015spot, the region where magnetic field impacts
the cutoff is shifted to heights between z = 200 km and
z = 500 km. This is in contrast with the analytical results
from Eq. 4, where the main differences produced by the
magnetic field are found at lower layers, around z = 300 km
for the Maltby et al. (1986) atmospheres and at z = 100 km
for Avrett2015spot. However, the effects of the magnetic
field on the cutoff go in the same direction in both numer-
ical and theoretical estimations, with a reduction of the
cutoff associated with lower magnetic field strengths.
At the high chromosphere (above z ∼ 1, 400 km), the
cutoff frequencies measured for Maltby et al. (1986) mod-
els show striking differences between the weakly magne-
tized umbrae (B = 500 G, black lines) and the rest of the
cases (with magnetic fields stronger or equal to 1000 G).
The cases with B = 500 G exhibit an increase in the cut-
off. This is produced by the steep temperature gradient
at the beginning of the transition region. In these simula-
tions, only a few hundred kilometers of the transition re-
gion are included in Maltby et al. (1986) background mod-
els, since above z = 1, 800 km a constant temperature is
set (see dashed lines from Fig. 1b). The simulation using
the umbral model eMaltby contains the larger temperature
contrast (around 1,400 K temperature difference between
z = 1, 600 km and z = 1, 800 km), and it exhibits the
larger increase in the chromospheric cutoff (black line from
Fig. 7a). On the contrary, for lMatlby our simulation only
includes a temperature contrast of 600 K, and the chromo-
spheric cutoff increase is more modest (black line from Fig.
7c). The presence of magnetic fields stronger than 1,000 G
inhibits the cutoff increase associated with those steep gra-
dients at the base of the transition region. The simulation of
the Avrett2015spot umbra does not include any steep gradi-
ent at the high chromosphere (dashed blue line in Fig. 1b).
In this case, at high layers where the atmosphere is strongly
dominated by the magnetic field, the cutoff is similar for all
the simulations despite their different field strengths. In this
sense, this is in agreement with the predictions of the cutoff
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Fig. 7. Variation of the numerically determined cutoff frequency with height in the umbral models eMaltby (panel a), mMaltby
(panel b), lMaltby (panel c), and Avrett2015spot (panel d). Each color corresponds to atmospheres permeated by a different
strength of the vertical magnetic field: 500 G (black), 1000 G (violet), 1500 G (light blue), 2000 G (green), 2500 G (orange), 3000
G (red). The vertical dashed lines mark the height where the plasma-β is unity following the same color code of the cutoff values.
For some of the atmospheres the line indicating the β = 1 height is not visible because it is below z = 0. Solid lines show the cutoff
frequency of slow magnetoacoustic in atmospheres as given by Eq. 4. Their color indicates the strength of the magnetic field.
from Eq. 4, which do not show dependence on the magnetic
field at the chromosphere.
4.3. Dependence with the field inclination
We have chosen to focus on the umbral model mMaltby,
since it represents an average umbra and it is probably the
most widely-used umbral atmospheric model. For these sim-
ulations, we have set a magnetic field strength of 3000 G,
in order to assure a β < 1 in the whole umbral atmosphere.
We have compared two simulations, one of them with a ver-
tical magnetic field (θ = 0◦) and the other with θ = 10◦.
Since we are studying umbral atmospheres, where the mag-
netic field is mostly vertical, we have restricted the analysis
to moderate field inclinations.
The numerical cutoff frequency has been determined
following the same procedures described in Sect. 2.3.1. In
the case with an inclined magnetic field, we have taken
into account the horizontal displacement of the waves as
they propagate upwards along magnetic field lines. In or-
der to be consistent with the cases with a vertical magnetic
field, the distance between the velocity signals used for the
computation of the phase spectra has been maintained at
∆h = 20 km. However, it is measured along the path of
the waves, that is, departing an angle θ from the vertical.
Thus, the horizontal displacement is ∆h sin θ, whereas the
height difference is ∆h cos θ. The velocity field obtained as
the output of the simulation has been interpolated to those
locations, in order to extract the velocity signal required
for the computation of the phase difference spectra.
Figure 8 illustrates the comparison of the cutoff values
determined for the umbral atmosphere with vertical (red)
and inclined (blue) magnetic field. The dashed blue line
shows the cutoff of the vertical case multiplied by cos θ.
This is the expected cutoff frequency of the inclined case if
only the reduced gravity of the ramp effect modifies wave
propagation. The dashed blue line agrees with the mea-
sured cutoff around z = 500 km and above z ∼ 1, 000 km.
These are the regions where the stratification of the umbral
model presents small temperature gradients (red line from
Fig. 1b). The region around z = 500 km corresponds to the
plateau of constant temperature around the temperature
minimum, whereas between z ∼ 1, 000 km and the transi-
tion region the temperature shows a progressive increase.
On the contrary, in those heights where sudden changes
in the temperature are found, the measured cutoff is lower
than that expected from the “ramp effect”. This is clearly
seen at z ∼ 120 km and, especially, between z = 700 km
and z = 1, 000 km. Slow mode waves propagate along field
lines. Along this path, the temperature contrast that they
experience is more gentle than that of vertically propagat-
ing waves. This way, the effects of temperature gradients in
the cutoff are reduced for waves propagating at a certain
angle from the vertical. This reduction in the cutoff is added
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to that predicted by the reduced gravity along inclined field
lines.
Fig. 8. Variation of the numerically determined cutoff frequency
with height in the umbral model mMaltby permeated by a 3,000
G magnetic field. Red asterisks show the measurements for verti-
cal magnetic field, and blue asterisks for a field inclination from
the vertical of θ = 10◦. Dashed blue line corresponds to the
cutoff of the case with vertical magnetic field multiplied by the
cosine of the inclination θ = 10◦.
4.4. Impact of radiative losses on the cutoff
Radiative losses have been implemented in an umbral sim-
ulation following the same approach described in Sect. 3.3.
According to Eq. 6, the radiative cooling time is signifi-
cantly higher in the umbra than in the quiet Sun, which
means that umbral wave propagation is closer to adiabatic
propagation. A minimum τR ∼ 110 s is found at z = 200
km, whereas a maximum value of τR ∼ 1800 s is obtained
at z = 900 km.
Figure 9 shows the measurements of the cutoff for sim-
ulations in the adiabatic regime (asterisks) and with radia-
tive losses (diamonds), all of them using the umbral model
mMaltby. As an example, the figure illustrates an umbra
with a weak magnetic field (B = 500 G, black) and an um-
bra with a strong magnetic field (B = 2, 500 G, orange). In
both cases the field is vertical.
The introduction of radiative losses produces a reduc-
tion of the cutoff in the deep photosphere (around z = 200
km) and at the base of the chromosphere (between z ∼ 950
km and z ∼ 1, 100 km, above this height adiabatic propa-
gation is implemented). This is in agreement with the ef-
fects found in the quiet-Sun simulations. However, around
z = 600 km the radiative transfer produces a small increase
in the cutoff, independently of the magnetic field strength
of the umbra. In addition, the increase of the cutoff found
in the weakly magnetized umbra associated to the tem-
perature gradients at the base of the transition region is
more pronounced in the simulation where radiative losses
are turned on, despite that at those regions the wave prop-
agation is adiabatic. The causes of this result are not clear.
Fig. 9. Variation of the numerically determined cutoff frequency
with height in umbral model mMaltby with the radiative looses
turned on (dashed lines) and off (solid lines with asterisks).
Black lines correspond to atmospheres permeated by a 500 G
vertical magnetic field, and orange lines to atmospheres with a
2500 G field strength.
5. Discussion
The determination of the cutoff frequency is fundamental
for understanding wave propagation in atmospheres strat-
ified by gravity. Theoretically, different representations of
the wave equation have been derived, and they lead to vari-
ous forms of the cutoff frequency, which yield significant dif-
ferences in the cutoff stratification of solar models (Schmitz
& Fleck 1998). In this work, we have carried out an alter-
native approach to determine the cutoff based on the use
of numerical simulations. The cutoffs were determined from
the analysis of phase difference spectra between the veloc-
ity signals measured at two different atmospheric heights.
This method has been previously employed in the context
of multi-height ground-based observations (e.g., Centeno
et al. 2006; Wiśniewska et al. 2016; Felipe et al. 2018) and
differs from other works determining the cutoff in numeri-
cal simulations from the evaluation of the height-dependent
dominant frequency in power spectra (Murawski et al. 2016;
Murawski & Musielak 2016). A small height difference of
∆h = 20 km was chosen between the two heights employed
for the computation of the phase spectra, which allows a de-
tailed sampling of the vertical variation of the cutoff. Our
quantification of the cutoff is not affected by details in the
derivation of the wave equation. In addition, it allows an
easy addition of several layers of physics, such as the mag-
netic field or the radiative losses, which can be difficult
to model analytically. We found significant differences be-
tween the numerically determined cutoff and those derived
theoretically.
Our results do not clearly favor any of the analytical
formulae. Neglecting the effects of magnetic fields and ra-
diative losses, the cutoff measured for the deep photospheric
layers of quiet-Sun models is better captured by Eq. 2,
which is commonly employed in helioseismic works. How-
ever, the sharp spike exhibited by this expression around
z = 0 is not present in the numerical cutoff. Our mea-
surements validate the use of alternative cutoff expressions
where the spike is absent. This is the approach followed by
Article number, page 10 of 13
T. Felipe and C. R. Sangeetha: Cutoff frequency in solar models
several works using the Wentzel, Kramers, and Brilloiuin
(WKB) approximation (Cally 2007; Moradi & Cally 2008),
which is only applicable for wavelengths shorter than the
characteristic scales of the medium and, thus, it is inconsis-
tent with the sudden variations in the cutoff given by Eq.
2. We found that in quiet-Sun atmospheres permeated by
moderate magnetic field strengths (between 50 and 300 G),
the application of the simple formula for isothermal atmo-
spheres (Eq. 1), assuming that it is stratified according to
the local temperature, provides the best estimation of the
actual cutoff values for adiabatic waves.
Some recent works have measured the stratification of
the cutoff in quiet-Sun (Wiśniewska et al. 2016) and umbral
(Felipe et al. 2018) atmospheres based on the analysis of
phase difference spectra from multi-height observations em-
ploying several spectral lines. Wiśniewska et al. (2016) esti-
mated that waves with frequency as low as ∼ 4.2 mHz can
propagate in the quiet-Sun photosphere (around z = 270
km) and that the cutoff increases up to ∼ 5 mHz in the
next 100 km. According to our findings, this is in qualita-
tive agreement with the propagation of adiabatic waves in
an atmosphere permeated by a magnetic field with a spe-
cific strength around 130 G (blue lines in Fig. 3) or with
non-adiabatic wave propagation, regardless of the magnetic
field. The second alternative seems more plausible. Regard-
ing umbral atmospheres, Felipe et al. (2018) found a max-
imum in the cutoff frequency of 6 mHz around z ∼ 500
km. At deeper photospheric heights it decreases to 5 mHz
at z ∼ 250 km. This variation in the umbral photospheric
cutoff is not captured by any model with adiabatic prop-
agation (Fig. 7). On the contrary, if radiative losses are
turned on, the cutoff stratification of the model shows a
significant agreement with the observational results (Fig.
9). Our cutoff estimate also reproduces the chromospheric
value slightly above 3 mHz measured by Felipe et al. (2018).
Both in quiet-Sun and umbral atmospheres, the role of ra-
diative losses is fundamental to understand the cutoff fre-
quency of the observed waves. Note that we have neglected
the effect of wave reflections at the transition region. This
strategy allows a direct evaluation of the analytical solu-
tions from theoretical models, but challenges the compari-
son with observational results and, thus, such comparison
must be interpreted with care.
Our results are apparently in contrast with the find-
ings from Heggland et al. (2011). They performed numeri-
cal simulations with a sophisticated treatment of radiative
losses, and found that they have little effect on the propaga-
tion of low-frequency waves. In this work, we have approx-
imated the radiative losses with the Newton’s cooling law.
This method offers a simple parametrization of the radiative
transfer, since it is characterized by the radiative cooling
time, and suits our purpose of comparing the numerical cut-
offs with those derived from the theory. Our findings agree
with the simulations from Khomenko et al. (2008), who also
employed the Newton’s cooling law and found that the en-
ergy exchange by radiation can reduce the cutoff frequency.
Here, we have employed a variable cooling time as given by
Spiegel (1957). At the photosphere, where this expression is
reliable, we obtain a significant reduction in the cutoff. At
the high-photosphere/low-chromosphere, the impact of ra-
diative transfer on the cutoff is lower (at those heights the
radiative cooling time is higher, so propagation is closer
to adiabatic), and waves still need to bypass a cutoff of 5
mHz to reach the chromosphere. This is in agreement with
the results from Heggland et al. (2011). However, many ob-
servations have reported long-period waves in regions with
vertical magnetic field (e.g., Centeno et al. 2009; Stangalini
et al. 2011; Rajaguru et al. 2019). The reduction of the cut-
off produced by radiative transfer is the best candidate to
explain those observations.
Heating by waves is one of the mechanisms proposed to
balance the radiative losses of the outer solar atmospheric
layers (Biermann 1946; Schwarzschild 1948). It remains as
solid candidate to explain the chromospheric heating (Jef-
feries et al. 2006; Kalkofen 2007; Bello González et al. 2010;
Kanoh et al. 2016; Grant et al. 2018; Abbasvand et al.
2020), although some works have claimed that the acous-
tic wave flux is insufficient to heat quiet-Sun (Fossum &
Carlsson 2005, 2006; Carlsson et al. 2007) and sunspot (Fe-
lipe et al. 2011) chromospheres. The determination of the
propagating nature of compressive waves has fundamental
implications to estimate their contribution to the heating.
Recently, Rajaguru et al. (2019) measured an acoustic en-
ergy flux in the 2-5 mHz frequency range between the upper
photosphere and lower chromosphere of quiet-Sun regions
larger than previous estimates. These results go in the line
of those reported by Jefferies et al. (2006), who showed
that inclined magnetic field can facilitate the upward prop-
agation of low-frequency waves (below 5 mHz) through the
ramp effect, providing a significant source of energy to the
solar chromosphere. However, Rajaguru et al. (2019) de-
termined that the frequency of the waves that carry this
additional energy flux is below the theoretical cutoff value,
even if the effect of magnetic field inclination is taken into
account. Our analyses can qualitatively explain the obser-
vational measurements from Rajaguru et al. (2019) as a re-
duction of the cutoff produced by radiative losses. We have
found that at heights between z = 200 km and z = 400
km, radiative losses can reduce the cutoff to values below 4
mHz, although Rajaguru et al. (2019) detected propagation
at even lower frequencies, in the range 2-4 mHz.
Our results indicate that quiet-Sun regions with a
stronger magnetic field can show a lower cutoff frequency
(Fig. 4), in agreement with Jefferies et al. (2019), although
in our measurements the detailed variation of the cutoff
with the field strength depends on the atmospheric height
and stratification. In addition, our simulations prove the
lower cutoff in regions with an inclined magnetic field (and
β < 1) due to the reduced gravity and the lower tempera-
ture gradients along the field lines (Fig. 8). The effect of the
gravity was predicted by Bel & Leroy (1977). It has been
confirmed through observations (McIntosh & Jefferies 2006;
Jefferies et al. 2006; Rajaguru et al. 2019) and numerical
simulations (De Pontieu et al. 2004; Hansteen et al. 2006;
Heggland et al. 2011). To the best of our knowledge, the
additional cutoff reduction produced by inclined magnetic
fields in regions with significant gradients in the temper-
ature is reported here for the first time. Although the re-
duced cutoff associated with magnetic fields in relatively
quiet regions can be seen as a mechanism to supply addi-
tional acoustic flux to the chromosphere, several works have
found that in the surrounding regions the upward energy
flux is reduced (Vecchio et al. 2007; Rajaguru et al. 2019).
Jefferies et al. (2019) identified a larger cutoff around mag-
netic regions. This is consistent with the increase of the
cutoff frequency as solar activity increases, as measured
from low-degree modes (Jiménez et al. 2011). The cutoff
frequency is a fundamental parameter for helioseismology
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analyses since it determines the upper boundary of the p-
mode resonant cavities. It has been found to be a major con-
tributor to the travel-time shifts measured in sunspots using
local helioseismic methods (Lindsey et al. 2010; Schunker
et al. 2013; Felipe et al. 2017).
6. Conclusions
In this paper, we have examined the wave propagation be-
tween the solar photosphere and chromosphere using nu-
merical simulations. We have focused on the evaluation of
the cutoff frequency stratification, that is, the determina-
tion of the minimum frequency of propagating waves as
a function of height in various solar models. The cutoff
frequency was derived from the examination of phase dif-
ference spectra, by detecting the lowest frequency where
a positive phase difference is measured. All these analy-
ses have been performed for a set of standard solar at-
mospheric models representing quiet-Sun and umbral re-
gions. We have evaluated several theoretical expressions
commonly employed for deriving the cutoff. Our results
show that, although the analytical cutoff frequencies ex-
hibit a qualitative agreement with the actual values mea-
sured in the numerical simulations, none of them provides
a notable match. The use of more refined cutoff formulae
(e.g., Eqs. 2-4) do not lead to significant improvements over
the original cutoff expression for isothermal atmospheres
(Eq. 1). In fact, the latter expression, if applied accounting
for its local variations in atmospheres with non-constant
temperature, gives a better result in quiet-Sun regions with
moderate magnetic field strength. The validity of the an-
alytical expressions is also challenged by the assumptions
employed in their derivation. Some of the most commonly
used acoustic cutoff formulae neglect the effects of mag-
netic fields or radiative losses, which are fundamental to
understand wave propagation in the solar atmosphere. We
have found that radiative losses greatly reduce the photo-
spheric cutoff frequency, and can partially explain some re-
cent observations of propagation of low-frequency waves at
photospheric heights in quiet Sun (Wiśniewska et al. 2016;
Rajaguru et al. 2019) and sunspots (Felipe et al. 2018).
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